In this article we present an experimental proposal for quantum enhanced estimation of optomechanical parameters. The precision of the estimation is improved by using the technique of weak value amplification, which can enlarge the radiation pressure effect of a single-photon on a nano/micro mechanical oscillator. This task is accomplished by using two interferometric setups. Single-photon pulses are sent through one interferometer, producing a maximally path entangled state which drives the cavity optomechanical system. The photons are then postselected in one of the detectors in the output. A second interferometer, whose operation is triggered by every successful postselection, performs an optical measurement of the phase shift generated by the optomechanical system on a classical beam, which encodes the information of the optomechanical parameters. In the presence of fully time-correlated noise, we show that the Fisher information is improved as compared to a standard measurement that employs no postselection.
I. INTRODUCTION
Quantum metrology deals with the study of the lower bounds on measurement errors achievable through the use of quantum effects, and concerns with the features of the strategies employed to reach these bounds [1] . According to the central-limit theorem, the average of n independent measurements has an error that scales as n −1/2 . This behaviour has been called the standard quantum limit (SQL). Notably, with the use of quantum resources, e.g. quantum correlations of maximally path entangled NOON states [2] or squeezing [3] , this limit can be surpassed and a Heisenberg scaling of n −1 can be achieved. Thus, in the last years one of the main purposes of quantum-enhanced metrology has been the improvement of the SQL, and move towards a Heisenberg scaling [4] [5] [6] [7] [8] [9] . A large variety of physical systems, such as optical interferometers [10] , atomic interferometers [11] or nitrongen-vacancy centers [12] , have been studied from the perspective of quantum parameter estimation [13] .
In this paper, we investigate the precision of quantum parameter estimation in a cavity optomechanical system. The field of cavity optomechanics [14, 15] explores the interaction of light and mechanical motion through the radiation pressure. From a fundamental perspective, these type of systems allow the study of quantum effects on macroscopic objects, such as macroscopic superpositions and decoherence [16] [17] [18] [19] or optomechanical entanglement [20] . On the practical side, optomechanical systems have been used for force sensing [21] [22] [23] , radiation pressure cooling [24] [25] [26] , gravitational wave detection [27] and quantum information science [28] .
From the perspective of parameter estimation, optomechanical systems have been analyzed in [29] [30] [31] [32] . As compared to these previous works, in this article we employ weak value amplification (WVA) [33] [34] [35] [36] [37] in order to im- * morszag@fis.puc.cl prove the accuracy of the estimations in optomechanics. This technique is based on the readout of anomalous weak values and has been successfully applied to high precision estimation of small parameters, such as beam deflections [38] [39] [40] , frequency shifts [41] , phase shifts [42] , Doppler shifts [43] , longitudinal phase shifts [44] , angular rotations [45] and temperature shifts [46] . Other applications of weak measurements and weak values have been proposed for quantum control [47] and for the construction of non classical states [48] of macroscopic objects.
However, there has been a debate regarding the metrological advantages that WVA may provide as compared to standard measurements, which do not employ postselection [49] . As an example, when the noise affecting the measurements is uncorrelated (white noise), the precision is not improved when WVA is used [50] . This fact can be seen from an analysis of the Fisher information, which shows that, although the Fisher information contained in one measurement is amplified, the amount of useful data is reduced in the inverse proportion. Accordingly, since the Fisher information of n independent measurements corresponds the sum of the Fisher information of each measurement, no net improvement is obtained. Nevertheless, Feizpour et al. [51] showed that when the noise has temporal correlations the signal to noise ratio (SNR) can be improved. This important result was validated by Sinclair et al. [52] from a Fisher information analysis. Also, an increase in the SNR was shown by Kedem [53] , using imaginary weak values and technical noise.
In this article, we propose an experimental setup in which the model of temporally correlated noise of Feizpour, Xingxing and Steinberg [51] is employed. Our analysis is based on the classical Fisher information with respect to a scaled optomechanical strength, g 0 /ω m , where g 0 is the optomechanical coupling per photon and ω m is the mechanical frequency. Consequently, an accurate estimation of this parameter allows a high precision estimation of the mass or frequency of a micro/nano mechanical oscillator. The experimental proposal is based on our previous work [54] , where we have shown that a single photon can be properly pre and postselected, in order to enhance its effect over a mechanical resonator placed in the middle of an optical Fabry Pérot cavity. The effect consists of an amplification of the average position of the oscillator, which under certain circumstances can be made proportional to the weak value of the number of photons in the system. Now, we extend this analysis to the situation in which the cavity optomechanical system is driven by a collection of single-photon pulses and the mechanical oscillator is observed through optical phase measurements. The result of this setup is an improvement of the Fisher information as compared to the no postselection scenario, when the noise has temporal correlations.
This article is organized as follows. In section II we describe the experimental setup proposed for the estimation of optomechanical parameters. In section III we present the noise model, including the description of its quantum and classical components. Expressions for the classical Fisher information are obtained in section IV. Three types of measurements (weak measurement with postselection, strong measurement with postselection and a standard measurement without postselection) and technical noise models (white, colored and purely quantum noise) are taken into account. Finally, in section V, the results are summarized and commented.
II. EXPERIMENTAL SETUP FOR THE ESTIMATION OF OPTOMECHANICAL PARAMETERS
In this article we will focus on the estimation of optomechanical parameters. This task will be achieved using two interferometers, which will be referred as the "upper interferometer" (figure 1) and the "lower interferometer" (figure 2). The first interferometer will prepare the quantum state of a mechanical oscillator, while the later will perform an optical measurement of its average position. In this section, we describe first the operation of the lower interferometer and continue then with the description of the upper interferometer.
The lower interferometer was described in great detail in our previous work [54] . For completeness, we will explain here its general operation and present the most useful equations. As was anticipated, the task of this interferometer is to prepare the quantum state of a mechanical oscillator, which is achieved using postselection of single-photons, as described below.
An optomechanical system (OMS) is mounted inside the interferometer. The OMS consists of an optical cavity with a high-Q mechanical oscillator in the middle. The oscillator is initialized in the ground state. On the other hand, a single-photon pulse, horizontally polarized, is sent into the interferometer through one of the input ports. The pulse will enter the interferometer through a polarization dependent beamsplitter (PDBS), generating a path entangled state. The PDBS is balanced for horizontal polarization.
After interacting with the OMS, the photon will come back in an entangled state with the mechanical oscillator and exit the interferometer, passing again through the PDBS. However, due to action of the quarter wave plates mounted in each arm, the pulse will be now vertically polarized. For vertical polarization the PDBS has an imbalance, accounted by the parameter δ, which is proportional to the difference between the transmission and reflection coefficients. This parameter allows to control the amount of light that arrives at each photon counter. According its precise definition, −1 √ 2 ≤ δ ≤ 1/ √ 2. Nevertheless, we will be interested in the situation in which the PDBS is "almost" balanced, i.e. |δ| 1. Once the photon has exited the interferometer, it may be detected either in the dark or bright ports of the interferometer. Postselection of photons is done in the dark port. As was shown in [54] , the probability P of detecting a photon in the dark port is given by
where ϕ is the optomechanical parameter we wish to estimate. It is defined as the ratio between the vacuum optomecanical coupling rate g 0 and the mechanical mode frequency ω m . The parameter g 0 can be understood as the radiation pressure force exerted on the moving mirror by a single photon inside the cavity. In our setup,
where ω cav is mode frequency of the optical resonator, L is the effective length of each side of the cavity and M is the mass of the moving mirror. Consequently, a precise estimation of ϕ allows in turn to estimate the mass of the moving mirror or its frequency. When the photon is postselected, the oscillator will be left in a quantum state |ψ , described by equation (15) of [54] . In this state, the expectation value of the position operator ψ|q |ψ ∝ f ϕ, where
is an amplification factor due to the postselection operation. The weak measurement regime occurs when δ 2 ϕ 2 . In this case, P ≈ δ 2 and f = − √ 1 − δ 2 /2δ, which corresponds to a weak value. The opposite scenario, i.e. when δ ∼ ϕ, will be referred as the strong measurement regime. On the other hand, if no postselection was performed, then the expectation value of the position will be proportional just to ϕ. Therefore, in this situation the amplification factor can be regarded as being equal to unity.
When the photon is counted, either in the dark or in the bright port, the oscillator should be re-initialized in the ground state and another photon send into the interferometer. The process is repeated for a total of M photons, which are sent to the interferometer at a rate Γ. Therefore, M represents the amount of quantum resources employed for the estimation.
On the other hand, the upper interferometer implements a standard arrangement for optical phase measurement, in which laser light with amplitude |α| enters through one of the input ports, while the second port is unused, i.e. it only "sees" the vacuum (ground) state of the electromagnetic field. Therefore, this interferometer employs an amount |α| 2 of classical resources. As will be detailed later, the optical phase θ inserted in one its paths depends on the average position of the oscillator and, therefore, on the optomechanical parameter ϕ that we wish to estimate.
The operation of this interferometer will be triggered by a signal coming from the lower interferometer. This signal will be sent every time a single-photon pulse is counted in the dark port, i.e. for every postselected photon.
III. NOISE MODEL FOR PARAMETER ESTIMATION
In this section, we derive a probabilistic model for the noise that affects the estimation of the optomechanical parameter ϕ. In subsection III A we consider the noise due to fluctuations of quantum nature, while the technical noise will be taken into account in III B. 
A. Quantum Noise Model
The operation of the upper interferometer will be triggered every time a photon is counted in the dark port, i.e. for every successful postselection. When the path 1 is illuminated by a laser beam with amplitude α and path 0 is leaved unused, the state of the electromagnetic field in the output paths A and B will be given by
where β = − iα 2 (1 − e iθ ) and γ = − α 2 (1 + e iθ ) (see Appendix A). Here, θ is the phase shift generated by the optomechanical system and the phase shifter.
Let us define the photon number operators in the paths A and B asn
, are the corresponding boson annihilation and creation operators. In our setup we will consider the difference of photons at the exit ports, namely,D
Since [n B ,n A ] = 0, it is clear that the n-th moment of D, in state |ψ , is given by
Powers of number operators can be arranged in normal order using [55] 
where S(r, m) are the Stirling numbers of the second kind. Consequently, the expectation values appearing in (7) can be expressed as
The polynomials of the type k m=0 S(k, m)x m are called Touchard polynomials or single-variable Bell polynomials [56] , and will be denoted by T k (x). Consequently, expression (7) becomes
Let D be the random variable that represents the difference of the photons counts. Equation (10) gives an exact expression for all its moments. Consequently, the moment-generating function of D is given by
Let X A and X B be two independent random variables, whose probability mass distributions are Poisson distributions with means |β| 2 and |γ| 2 , respectively. It has been shown that the corresponding generating functions are
Thus,
, which means that the random variable D can be expressed as X A − X B , i.e. as the difference between two Poisson-distributed random variables. Since the difference of two Poisson distributions corresponds to a Skellam distribution [57] , the exact probability mass distribution of D, P D (k), can be written as
k ∈ Z, and I |k| (x) is the (integer) modified Besell function of the first kind. Substituting the numbers γ and β by its definitions, distribution (13) becomes
k ∈ Z. The phase shift θ can be expressed as
where θ 0 = π is the reflection phase shift in the optomechanical system, and ∆θ is the reflection phase change, which encodes the information of the mechanical displacement. Θ is the shift given by the phase shifter, which will be set to be −π/2. Therefore, 
Since the difference of photon counts between both detectors is normalized by the laser intensity |α| 2 , i.e by the sum of the counts, the scaled random variableD = D/|α| 2 will distribute as
i.e. according to a Normal distribution with mean ∆θ and variance 1/|α| 2 . The reflection phase change, which carries the information about the mechanical displacement (the average position), can be written as
where ϕ is the optomechanical parameter we aim to estimate and f is the amplification factor given by expression (3).
B. Technical Noise Model
After the measurement is finished we have a collection of N ≤ M data, represented by the set D = {s i , i = 1...N }. Each data may be expressed as
whereD i is a Normal-distributed random variable, with mean ∆θ = f ϕ and standard deviation 1/|α|, while η i accounts for the technical noise. This type of noise will be modelled as zero-mean random variable, i.e. η i = 0, ∀i = 1...N . Consequently, the expectation value of each data is s i = ∆θ, while the covariance associated to a couple (s i , s j ) is given by
The covariance of the noise variables will be described using the model proposed by Feizpour, Xingxing and Steinberg [51] , namely,
As was mentioned previously, Γ is the rate at which single-photons are injected into the lower interferometer and τ is the noise correlation time. When photons are injected much faster than the correlation time, Γ −1 τ , the covariance will be constant, i.e. η i η j =η 2 . This case represents the situation in which the technical noise is colored.
On the other hand, when Γ −1 is larger than the correlation time, the noise will be delta-correlated, namely, η i η j = δ ijη 2 . This case represents the scenario in which the measurement is affected by white noise.
Also, it is clear that in the presence of purely quantum noise η i η j = 0. Consequently, the covariance between the data can be expressed as
Purely Quantum Noise.
The joint probability distribution for the whole data set D will be modelled using a multivariate normal distribution,
where s and µ are vectors whose elements are s i and f ϕ, respectively. C is the covariance matrix, whose elements are given by (23) , C −1 is its inverse matrix, and |C| stands for the determinant.
IV. CLASSICAL FISHER INFORMATION
The classical Fisher information [58] with respect to the optomechanical parameter ϕ is given by
where the brackets denote an ensemble average. In this section we explore two main cases. First, we analyse the Fisher information when the noise is white (case A). Next, we consider the scenario in which the noise is colored (case B). The situation corresponding to purely quantum noise is evidently contained in case A, setting η = 0.
A. CASE A: white noise
In the case of white noise, the general expression for the Fisher information corresponds to
The details of this calculation are presented in appendix B. If no postselection was made, then no data will be discarded (N = M ) but there will be no amplification either (f = 1). Consequently,
I(ϕ)
no ps
On the contrary, when postselection is performed, then f is given by the general expression (3) . In this case, most of the photons are discarded, keeping only a fraction P M of the total set of quantum resources. Therefore, the Fisher information is given by
By comparing the expressions (26) and (27) 
On the other hand, for a strong measurement δ ∼ ϕ. We turn now to the situation in which the noise has correlations. In this scenario, the general expression for the Fisher information (see appendix B) is given by
Notice that this expression contains an extra N -factor in the denominator, as compared to expression (25) , which appears as a consequence of the colored noise. As in the previous case, when no postselection is performed, f = 1 (no amplification) and N = M (none of the photons is discarded). Consequently, the Fisher information may be expressed as
When photons are postselected, N = P M and f is given by (3). Thus,
In the weak measurement regime P ≈ δ 
For a strong measurement, δ ∼ ϕ. Therefore,
By comparing (31), (33) and (34) we notice that, as long as |α| 2 Mη 2 1, the Fisher information will be larger when post selection is performed. This means that the correlation has to be sufficiently strong, satisfyingη
M |α| 2 , in order to retain the information of the optomechanical parameter in the postselected data.
We may understand the product |α| 2 M as a measure of the total amount of resources employed for the estimation. This product includes both the quantum and classical resources. Thus, the condition |α| 2 Mη 2 1 equivalently shows that the total amount of resources should be larger thanη −2 in order to attain significant benefits when postselection is performed. Hence, if the correlationη 2 is small, a large amount of resources will be needed. This condition can be fulfilled by increasing the amount of classical resources (the intensity of the laser) in order to achieve |α| We notice that the noise correlations will reverse the inequalities as compared to (35) . However, making the postselection parameter of the PDBS small enough to perform a strong measurement, i.e. δ ∼ ϕ, requires a large precision. Consequently, we will focus only on the more realistic scenario when δ ϕ, which corresponds to a weak measurement. In this case, the Fisher information will grow as the postselection probability is reduced, as is shown in figure 3 .
On the other hand, as |α| 2 M gets larger, the Fisher information will achieve a constant value. For each case, the Fisher information will be given by
This behaviour is illustrated in figure 4 .
V. DISCUSSION
The Fisher information for each of the different scenarios is summarised in table 1. For uncorrelated noise, the Fisher information scales as M , the amount of quantum resources. This corresponds to the shot noise limit (SNL).
On the contrary, when the noise has correlations, the Fisher information achieves a constant value. For this type of noise, from the results (36) , it is clear that the Fisher information will be increased by a factor of N ployed (as compared to the non postselection scenario).
With a postselection probability of 1% (δ = 0.1), the weak value will be equal to 5, while N w = 10 with a postselection probability of 0.25% (δ = 0.05). Consequently, by using the technique of weak value amplification the Fisher information can be improved by one or two orders of magnitude.
On the other hand, using the method of maximum likelihood (see appendix C), it is easy to obtain the following estimatorφ
The same estimator is obtained for all noise models, either for white or correlated. It is a straightforward calculation to verify that this estimator achieves the Cramér-Rao lower bound [59, 60] (it is efficient) and is unbiased. Therefore, for a weak measurement in the presence of correlated noise, the standard deviation of the estimator will be given by
where the subindex M V U has been included to indicate that the estimator has minimum variance and no bias. Consequently, by making the weak value large the standard deviation of the estimator can be reduced. On the contrary, since the variance is proportional to the noise correlations, making the correlations small will contribute to reduce the error. As we have seen in the previous section, this would demand a stronger laser light, i.e. an increase in the amount of classical resources. On the other hand, the signal to noise ratio of the estimator is given by
Since N w ∼ 10, if ϕ ∼ 10 −m andη = 10 −n (n and m ∈ N), then the signal to noise ratio will have order of ∼ 10 n+1−m . Consequently, the measurement will be precise when n > m + 1, i.e. for very weak noise correlations. As an example, if ϕ ∼ 10 −3 , then forη ∼ 10 −4 the signal to noise ratio of the estimator will be 100, namely, a measurement with two digits of precision.
In summary, in this paper we have applied the theory of weak measurements in the presence of correlated noise, developed in [50] [51] [52] , to the estimation of optomechanical parameters. We have presented an experimental proposal in which the Fisher information can be improved by one or two orders of magnitude due to weak value amplification, and described how weak should the noise correlations be in order to achieve a precise estimation of the optomechanical parameter ϕ. Therefore, this setup might be useful for the estimation of the mass or frequency of a mechanical oscillator, which has been cooled When the noise is uncorrelated (white noise or purely quantum noise), the Fisher information scales as M , the amount of injected photons (quantum resources). On the other hand, when the noise is correlated the Fisher information is constant. For the strong measurement scenario, the Fisher information corresponds to the case δ = ϕ/2. For the correlated noise model (third row), the Fisher information is valid only for large values of |α| 2 M .
down to the ground state, in the presence of fully correlated noise.
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Appendix A: Upper Interferometer Transformation
Both beamsplitters, BS1 and BS2, are balanced and impart a π/2 phase shift to the reflected beam. Therefore, the corresponding relations between the input and output modes is given bŷ
Using the fact that a vacuum state in the input produces a vacuum state in the output, namely,
together with (A1), it is possible to evolve the states along the circuit according to 
Consequently, the input state |α 0 |0 1 evolves along the interferometer producing the output state given by (4). 
When the covariance matrix is diagonal (white noise and purely quantum noise), then
Therefore, the Fisher information in this case is 
